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“Operational” Probability Theory

State + Measurement = Probability

<Classical Prob. Theory.>
Probahility Distribuition g, + Random Varlahle X =SPriX = sjp] = 3 o I oy P

<Quantum Prob. Theory.>
Density Operatar p -+ POVM E = () = Pr{E = aifp] = T(Byp)

with some natural postulates

* Mixing Postulates for States: Existence of probabilistic mixture of states
* Separating Postulates for States and Measurements:

Identify states if they have the same physical properties

Identify measurements if they have the same physical properties

Facts: There are many probability theories
other than neither classical nor quantum,

General Probabilistic Theories (GPT)

Study: We consider “Information Theory” on GPT

Motivations:

Following (and developing) Shannon’s philosophy, we believe that
Information Theory should be constructed independently on the
specific physical theories, but only on abstract theory of probability
so that

() the mutual relation among several information processings are clarified

(i) we understand the structure of quantum mechanics (from outside)
(1) we investigate classical and quantum info. theory. with measurement restrictions,
(IV) we prepare (possible) post quantum attack in future

, etc

Math: convex set S in Locally Compact Hausdoff Topological Vector Space and Affine Functions on S

[ State Discrimination Problem in GPM [1,2] ]

* Po(B) =T mes(s)

-- Success Probability by measuring E

* Pg = mexgen, Po(E)
-- Optimal Success Probability

measurement !

e.g., QMwithN =2
1
Pa= E{I+|[pnp.—p.p,_||1] : HeislromBeond

Purpose: Investigation of the optimal state discrimination in GPT

We proposed a (geometrical) method to search the Optimal State

Result
Discrimination by introducing Helstrom Family of Ensembles (See [1],[2])

[ “Derivation” of Qubit from Physical Postulates [4] ]

Fact: Quantum Mechanics is just a particular theory in GPTs
Motivation: Derive QM (e.g., Qubit) based on physical principles

* Equality for pure states (symmetricity)
* Decomposability with distinguishable pure states

[Thm.] 2 dimensionsl Symmetric GPT are either polygon or quertom.

[Thm] Far strong symmeiric and DDPS GPT with dim § =3,

5 18 either simplex (clzasical system) or satinfy following:

Every boondexy states sre pore

80 pure-states set zre topologlcaly equivalent to the unit sphere (Bloch sphers}.

{ Introductions of Distinguishability Measures [3] ]
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[Thm. 1] Diwiirct shaies ) and a3 ara clonahbis
mguishable.

[ Introductions of Entropies [3] ]

[Thm] Al Sy, Sy, Sy are Bhanngn (rasp. yon Neaman) sotmpy o cluelcsl (rep
quantum} system
[Tim] 5 satifien concawity while 55, 53 nat generally.

concerity.
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[Thm.] 2 dimensiomal Symmetric DDPS GPT aze either claseical oz guantum,
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